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Abstract 

We investigate the temporal evolution of the redshift and the lu- 
minosity distance within the standard Friedmann-Roberston- Walker 
cosmological model. The redshift and luminosity distance of sources 
evolve with time and we show that they tend to given values, namely 
the stable equilibrium states associated to the first order differential 
equation they verify. This suggests that the sources concentrate at 
about these values. Furthermore, as these values depend only on the 
cosmological parameters, their measure could provide a new approach 
to determine the value of the cosmological constant. 

1 Introduction 



Much attention has been devoted to the study of the temporal evolution of 
the redshift and the luminosity distance, because of the alternative scheme 
they constitute to determine the values of the cosmological parameters in 
comparison with other approaches (White, Scoot & Silk 1994; Perlmutter et 
al 1998; Schmidt et al 1998; Riess et al 1998). First proposed by Sandage 
(Sandage 1962) in a pioneering work (including an important Appendix from 
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MacVittie), this possibility has been recently subject to a renewal of inter- 
est with the improvement of spectroscopic techniques (Loeb 1998). In this 
paper, our aim is to highlight some points on the temporal evolution of the 
redshift and the luminosity distance which have not been submitted yet to 
full scruting in the litterature. Observing a source at different instants, we 
establish that its redshift and luminosity distance evolute with time and tend 
to given values, namely the stable equilibrium states associated to the first 
order differential equation they verify. More precisely, this result brings out 
the existence of a specific value of the redshift to which the sources concen- 
trate. This can shed some light to the observation of a peak in the count 
of quasars at z ~ 2.5 (Fan et al 1999; and references therein), which up 
to now failed to be explained completely (Peebles & Ratra 2002). Besides, 
these values depending only on the cosmological parameters, their experi- 
mental measurements could provide a new tool to determine the value of the 
cosmological parameter. 



2 Time derivatives of the redshift and the lu- 
minosity distance 



Let us introduce some fundamentals in order to precise our notations. Taking 
the convention G = c = 1, we start with the Robertson- Walker line element 
under the form: 



with k the curvature index taking the discrete values —1, or and dfl^ — 
dO'^ -\- sin^O dcf)^ the hne element of the unit two-sphere. The cosmological 
redshift z is given by: 



with Oo and Og the values of a{t) at the instants to and te, when the signal is, 
respectively, observed and emitted. In the same vein, the luminosity distance 
dL reads (e.g. Weinberg 1972; Peacock 2000): 




(1) 



(2) 



dL = Tettoil + Z), 



(3) 
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with the radial coordinate of the source. The apparent luminosity I can 
be related to the luminosity distance by: 

where L is the global luminosity which is a constant. Finally, the bolometric 
magnitude m is defined by: 

171 — 5 logio dL + C (5) 

where C is a constant depending on the absolute magnitude and on the choice 
of the units of d^. 

Reminding that a{t){d/dt) is a conformal Killing vector field for the met- 
ric (1), we obtain the relation: 

— = — , (6) 

which relates the intervals of proper time along the world lines of the observer 
and the source. From Equations (2) and (6), the derivative of the redshift 
with respect to the time of observation is: 

z^H,{l + z){l-h{z)), (7) 
where h{z) = — with ^jJ = and Hq represents the Hubble constant. 

1 + Z ttotte 

From now on, we assume a comoving source, i.e. we suppose that the effects 
of the pecuhar velocity and acceleration (PhiUipps 1982) can be neglected or 
at least isolated (Loeb 1998). 

Using (7), the time derivative of the luminosity distance (3) reads: 

dL = 2reaoHo{l + z) ( 1 - l-h{z)] . (8) 



According to (4) and (5), the time derivatives of the apparent luminosity and 
the bolometric magnitude are related to the time derivative of the luminosity 
distance (8) by: 



167rZ^ 



1/2 



I = -[-jr) (9) 

m = 5^. (10) 



d 



L 



Using Einstein's equations, the function ijj can be related to the cosmo- 
logical parameters. Considering the matter content of the universe to be a 
perfect fluid with a mass density p and a pressure p, the Einstein equations 
for the metric (1) read: 





2 




) 


ay 






a 


2 






a 



k A 8n 



2 + - + — P, (11) 
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with A the cosmological constant. Assuming that the fluid is a mixture of 
noninteracting dust and radiation, the energy momentum conservation leads 
to: 



P = Pmo (^— ) +pro(^—^ , (13) 

with p„, the matter density and p,. the radiation density. The combination of 
(11) and (12) with the aid of (13) and (14) furnishes the following relations 
between the cosmological parameters: 

^ = H^„(^-i + ^nmo-qo + 2nroy (15) 

Qo — ^mo'^2^ro ^Ao) (1^) 

where the standard notations for the deceleration parameter Qo — — — — 

aoH^ 

the matter density parameter 0,mo — — the radiation density param- 
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eter ilro — ~^~FH ^ ^ cosmological parameter U\o — J^^-ve been 

introduced. 

Substituting (13) into (11) and appealing to the relations (13) and (14) 
yield for h (see Philhpps 1982; Lake 1981; Riidiger 1980; Janis, 1992) and 
references therein): 

{h{z)f = -^-^ = 1 - Qa„ + Qr^oz + + nroz{2 + z). (17) 
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3 Stability of the equilibrium states of i and 

In the following, the observations being performed within the matter dom- 
inated aera, we assume that the radiation energy density is negligible, i.e. 
Qro ~ 0. Furthermore, in order to preserve generality and to grasp bet- 
ter the role of the cosmological constant on the evolution of the redshift 
and the distance luminosity, we do not impose any specific relation on the 
values of flmo and I^ao- The typical cases {ftmo = 0.3,r2Ao = 0) and 
{flmo = 0.3, Oao = 0.7) are presented as illustrative examples (see figures 
1-2). 

Introducing 

v{z)^Ho{l + z)f{z), (18) 
with f{z) — 1 — h{z) and h{z) given by (17), Equation (7) becomes 

i = v{z). (19) 

The equilibrium states associated to (19), i.e. the values of 2; > such that 
v{z) — 0, are given by the roots of /: 



Zegl = 0, (20) 
Ze,2 = -l + i(x+ V^(X + 4)), (21) 

Ze,3 = -l + l(x- V^(X + 4)), (22) 

where X = tt— • The root Zeq2 is only positive for X > - and Zeqs is always 
negative. Therefore, for X < -, the only equilibrium state is z^gi — and 

for X > -, the equilibrium states z^qi and Zeq2 have to be considered. 

The stabihty of these states stems from the study of the sign of v (e.g. 
Arnold 1978). According to (18), the sign of v is derived from the sign of /. 
Using (17), the derivative of / with respect to z reads: 



mo 



dz h{z) 



1 X 

2 ~ (1+^ 



(23) 
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1 df 
For X < Equation (23) provides — < for all z > 0. The function / 

is then decreasing and as /(O) = 0, f{z) is always negative. With (18), this 
imphes that v is negative for all z. The equilibrium state Zgqi = is then 

stable for X < -. An illustrative representation of the functions / and v is 

given in fig.l for = 0.3 and = 0. 

X df 
When X > -, we deduce from (23) that — > for < z < Zi, with 

2 dz 
df 

Zi = 1 + (2X)^/^, and -;- < for z > Zi. The function / is then increasing 

dz 

for < z < Zi and decreasing for z > Zy. As /(O) = 0, / is positive for 
< ^ < Zeq2i with Zeq2 given by (21), reaches a maximum at Zi < Zeq2 
and is negative for z > Zeq2- Prom (18), it follows that v is positive for 

< z < Zeq2 and negative for z > Zeq2- Hence, for X > -, z^qi = is 
a unstable equilibrium state and Zf,q2 is stable. The functions / and v are 
displayed in fig.l when ^^no — 0.3 and Qao = 0.7, i.e. for X — 7/3. 

Using (3) and (8), the time derivative of the luminosity distance becomes: 

dL = 2HjL~9{.dL). (24) 

where g{dL) — l — -h{dL)- The function h{dL) is deduced from the expression 

(17) of h{z) by performing the substitution of z by di, in accordance with 
(3). Denoting 

w{dj:) = 2HjLgidL), (25) 

Eq (24) becomes di = w{dL). As d^ > r^a^ for -2 > 0, the equilibrium states 
associated to w are defined by the roots of g^di). The solution of g^di) = 
is: 



dL 



eq ^6*^0 



1 / 4fl + u)^ 



(26) 
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with u = X + — . The stability of this equilibrium state is deduced from 



"mo 



the study of the sign of w. As d^ > r^ao and with (25), the sign of w is 
derived from the sign of g{di). Using (3), the derivative of g with respect to 
dL reads: 

d~9 1 df ^27) 



ddL 2re,ao dz 



Therefore, the variations of g mimic those of /. When -'^ < -, / is decreasing, 
then g decreases and as g{reCio) = -, ^ is positive for rgOo < di < (f^ 

and negative for di, > (f^. For ^ > -, / is increasing for < 2; < 2:1 

{zi = — 1 + (2X)^/^) and decreasing for z > Zi. The function g is then 
increasing for rgOo < < reao{l + Zi) and decreasing for z > reao{l + Zi). 

As g{reao) — -, g is positive for TgOo < di < d^^ and negative for > d^^. 

Using (25), we obtain finally that w is positive for reCo < dL < d^^ and 
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negative for > (f^ in both cases X > - and X < -. The equilibrium 

state is then stable. The behavior of w with respect to z is displayed in 
fig.2 for (Q^o = 0.3, Qao = 0) and for (Q^^ = 0.3, = 0.7). 



4 Discussion 

The temporal evolution of the redshift is tied to the stability of its equilibrium 
1 

states. For X < -, the state Zeq\ = is stable and the redshift tends 

to Zeq\ = 0. In other words, this suggests that the sources concentrate to 

form a peak at about z^qi ~ 0. This phenomenon being not corroborated 

1 1 

by observations, the case X < - is discarded. For X > among the 

two equilibrium states ^g^i = and Zf,q2 defined by (21), only the second 
one is stable. Therefore, the value of the redshift evolves with time until 
reaching Zeq2- Taking for the values of the cosmological parameters Qmo ~ 
0.3 and Qao ~ 0.7 (Perlmutter et al 1998; Schmidt et al 1998, Riess et al 
1998; and references therein), we find Zeq2 ~ 2.1. This result can dovetail 
and shed some light to the observation of a peak in the count of quasars 
centered at about z ~ 2.5 (see Fan 1999 and references therein)^. The small 
difference between the prediction and the observation can be ascribed to the 
experimental uncertainties. The values of the cosmological parameters we 
used to compute Zf,g2 can eventually constitute another explanation for this 
difference. Furthermore, the value Zeq2 may be attained asymptotically . 

^The preceding observations suggested a peak at about z ^ 2 (Shkolovsky 1967; Pet- 
rosian, Salpeter & Szekers 1967; Kardashev 1967; Burbidge & Burbidge 1967). 
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These considerations suggest that the value oi X — — ^ ought to be 

_^ ^ 'mo 

greater than -. It constitutes an evidence for a nonvanishing cosmologi- 

cal constant (see Peebles & Ratra 2002; and references therein). Assuming 
Qmo 0.3, the minimal value admissible for I^ao is about 0.15 and for a flat 

spacetime such that flmo + ^Ao = 1, the lower bound for fl\o becomes -. 
Moreover, from the experimental determination of Zeq2, a value oi X = — ^ 

^ ^mo 

could be estimated from (21) providing therefore a new method to determine 

the value of Qao- 

Let us end up with some considerations on the luminosity distance. As ci^^ 
defined in (26) is a stable equilibrium state, the luminosity distance evolves 
with time and tends to d'^^. The same conclusion can be displayed for the ap- 
parent luminosity and the bolometric magnitude. Using (9) and (4), it turns 
out that the apparent luminosity has a stable equilibrium state Ig related to 
dl' by: 

L 1 

With (10) and (5), the same result is proven for the bolometric magnitude 
with a stable equilibrium state mg of the form: 



- — Zto- (28) 



me = 5 logio (f^ + C. (29) 

Therefore, the apparent luminosity and bolometric magnitude evolves in time 
until reaching 1^ and rUe respectively. 

The approximation of (f^ provides an estimation of the redshift where a 
peak is expected. Equation (26) can be rewritten: 

= l£^[l + M + 2(1 + m) cose/.], (30) 

The 



with -u = (i7Ao + 3) /l^mo and =- tan ^ 



4(l + «)6 _^ 



(2(1 + uf - 27X) 
study of the variation of (p with respect to fl\o yields: 

< < 00, (31) 

where 0o takes the value 0o ~ 2 10~^ for Q^o — 0.3. It imphes that d^^ can 
be approximated by: 

dl' :^r,ao{l + u), (32) 
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up to an error of about 10~^reao. For f^Ao ~ 0.7 and Qmo ~ 0.3, we expect 
the luminosity distance and bolometric magnitude to evaluate in time and 
to form a peak at a redshift about u ~ 12. Albeit these results seem to be 
similar to that obtained for the redshift, the lack of a class of sources with 
the same absolute luminosity for redshifts greater than ~ 3 and the actual 
performances of observation (Fan 2001) may not bring out the existence of 
such peaks. 
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X<0.5 X>0.5 




Figure 1: Plots of v{z)/Ho (bold-faced) and f{z) for {VLmo = 0.3,f2Ao = 0) 
(i.e. X < 0.5, on the left) and for (Q^^ = 0.3, Qa^ = 0.7) (i.e. X > 0.5, on 
the right) with zi — 0.67, Z2 — Zeq2 — 2.09 and zs — 0.95. 



X<0.5 

X>0 . 5 




Figure 2: Plots of w{z)/ HoTetto (bold-faced) and g{z) for {Qmo = 0.3, Q\o — 
0) (i.e. X < 0.5) with Z4^ = 10 and z^ = 4.01 (on the left) and for {Qmo = 
0.3,nAo = 0.7) (i.e. X > 0.5) with z^ = 0.67, u = 12.32 and z^ = 4.99 (on 
the right). 
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